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Abstract

:

Most rule induction algorithms generate rules with simple logical conditions based on equality or inequality relations. This feature limits their ability to discover complex dependencies that may exist in data. This article presents an extension to the sequential covering rule induction algorithm that allows it to generate complex and M-of-N conditions within the premises of rules. The proposed methodology uncovers complex patterns in data that are not adequately expressed by rules with simple conditions. The novel two-phase approach efficiently generates M-of-N conditions by analysing frequent sets in previously induced simple and complex rule conditions. The presented method allows rule induction for classification, regression and survival problems. Extensive experiments on various public datasets show that the proposed method often leads to more concise rulesets compared to those using only simple conditions. Importantly, the inclusion of complex conditions and M-of-N conditions has no statistically significant negative impact on the predictive ability of the ruleset. Experimental results and a ready-to-use implementation are available in the GitHub repository. The proposed algorithm can potentially serve as a valuable tool for knowledge discovery and facilitate the interpretation of rule-based models by making them more concise.
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1. Introduction


In knowledge discovery from tabular data, rules represent one of the most intuitive and widely used forms of knowledge representation. Many knowledge discovery problems can be considered as rule induction tasks. Examples of such tasks include association rule learning [1], subgroup discovery [2], contrast sets, and emerging patterns mining [3] and black-box explanation [4,5]. While the descriptive power of rules is widely acknowledged, they moreover find utility in predictive purposes (i.e., for building classification systems). The descriptive and predictive aspects of rule induction are closely related. In fact, any rule induction algorithm can be oriented toward one or both of these purposes. What distinguishes them are the strategies used to navigate the search space, the techniques used to evaluate the rules, and how they are subsequently refined.



For the purpose of knowledge discovery, the induction algorithm aims to find rules that fulfill assumed quality constraints, such as precision (confidence) or support (coverage). Subsequently, filtering can be applied based on the interestingness of the rule. If classification is the main goal, induction is oriented towards achieving the highest predictive power.



The vast majority of rule induction algorithms—some of which are listed in the Section 2—generate rules with premises consisting of simple elementary conditions. These conditions are expressed as   a t t r i b u t e ⊙ v a l u e  , where   ⊙ ∈ { = , > , < , ≥ , ≤ }  . While some algorithms permit the induction of negated conditions (e.g.,   a t t r i b u t e ≠ v a l u e  ), only a few allow the induction of complex conditions. These complex conditions may involve comparisons of attribute values, M-of-N conditions, and conditions resulting from the use of constructive induction. The reliance on simple elementary conditions is a limitation of many rule induction algorithms. Rules with complex conditions can capture dependencies that cannot be represented using simple conditions.



Among the various rule learning approaches, the separate-and-conquer strategy (also known as sequential covering) represents a reasonable compromise, enabling the induction of a moderate number of rules with good predictive power. Importantly, the procedure can be easily tailored to the interpretability or classification abilities of the model by using different rule search strategies and rule quality criteria (quality measures).



In the articles [6,7], we demonstrated the effectiveness of our version of the sequential covering rule induction algorithm, confirming its performance across dozens of benchmark datasets. The algorithm is implemented in the RuleKit library [8].



The purpose and main contribution of this paper are to extend the RuleKit-based rule induction algorithm by introducing the capability to induce complex elementary conditions. Specifically, our original proposal involves generating M-of-N conditions based on the analysis of frequent sets constructed from both simple and complex (e.g., conditions comparing the values of two attributes) elementary conditions.



The proposed algorithm enables rule induction for classification, regression, and survival analysis problems. The conducted experiments show that the introduction of complex conditions does not significantly affect the predictive ability of rulesets. However, rules with complex conditions enable the description of data with a wider range of different dependencies.



The implementation of the algorithm is available on the GitHub repository (https://github.com/adaa-polsl/m-of-n-rules accessed on 21 February 2024). In addition, to ensure the reproducibility of the research, we have published detailed results of all the experiments conducted there.




2. Related Work


2.1. Rule Induction Algorithms


The earliest rule induction algorithms were based on the sequential covering strategy. This strategy involves constructing a set of rules by sequentially inducing rules that cover successive, not-yet-covered training examples. The sequential covering strategy was first proposed by Michalski [9], who presented several versions of the AQ algorithm [10,11,12,13]. Fürnkranz systematized the sequential covering approach to rule induction by analyzing the impact of rule specialization and generalization phases and rule search heuristics on the descriptive and predictive capabilities of induced rulesets [14,15].



Well-known sequential covering rule induction algorithms include AQ, CN2 [16], and RIPPER [17], but the family of such algorithms is extensive. AQ and CN2 generate sets of rules, while RIPPER generates a rulelist, which is important for the global interpretation of discovered dependencies and the method of example classification. LEM [18], DomLEM [19] and VC-DomLEM [20] exemplify rule induction algorithms combining the sequential covering idea with rough set theory.



Moreover, association rule induction algorithms can be used to induce classification rules [21,22]. In this approach, rule conclusions are fixed and always indicate a specific value of a decision attribute (class label). Rules that meet minimum confidence and minimum support requirements are generated, and a filtration algorithm is subsequently applied to eliminate redundant rules.



Another group somewhat related to the sequential covering strategy is the one based on ensemble classification approaches such as boosting [23,24,25], or bagging [26].



In recent years, several rule induction proposals based on optimizing a given loss function have been presented. Instead of inducing consecutive rules one by one, these algorithms optimize the entire ruleset according to a given loss function [27,28,29].



A growing number of proposals focus on extracting rulesets from trained neural networks [30,31,32,33]. Extracted rules are used not only for data description and prediction. They are applied to explain the decisions made by complex networks [30,32]. It is worth noting that effective rule induction algorithms based on neural network architectures were proposed over 20 years ago [34,35].



Recently, there has been a return to the idea of generating locally optimal rules for individual (specific) training examples. Although this approach usually yields better prediction results, it complicates understanding the decision-making mechanism. The idea of discovering locally optimal dependencies aligns with the fundamentals of rough set theory [36,37,38], where minimal decision rules are represented by local decision reducts. Examples of locally optimal rule induction algorithms not directly inspired by rough set theory are HARMONY [39] and LORD [40].




2.2. Learning Complex Elementary Conditions


Fundamentally, apart from some versions of AQ, all the aforementioned algorithms generate rules with simple elementary conditions (  a = v  ,   a < v  ,   a > v  ; where a is a conditional attribute and v is one of its values). Some of these algorithms allow the induction of negated elementary conditions (  a ≠ v  ).



The AQ algorithm allows for the appearance of an internal disjunction in the elementary condition. The expression   a =  v 1  ∨  v 2  ∨ … ∨  v n    represents the elementary condition that has a form of internal disjunction. In this expression, a is a conditional attribute, and   v 1  ,   v 2  , …,   v n   are specific values of a or intervals of a. A rule with an internal disjunction in its premise can be transformed into multiple (e.g., n) rules that contain only simple conditions.



Some approaches attempt to replace conventional attribute-value conditions with fuzzy intervals [41]. An example of such a method is the FURIA algorithm [42], which modifies RIPPER to induce fuzzy rules. FURIA tends to achieve better predictive accuracy than RIPPER but at the cost of generating more rules and conditions. Notably, fuzzification adds a layer of complexity to interpreting such rules, as it requires an awareness of the underlying fuzzy semantics.



Both classical and fuzzy rules can only determine axis-parallel decision boundaries. To overcome this limitation, some authors have proposed oblique decision rules. An oblique decision rule incorporates a linear combination of attributes in its premise. One example of such algorithms is CHIRA [43], which is a rule aggregation method that uses convex hulls to identify the regions covered by the aggregated rules and creates oblique elementary conditions based on them. Setiono and Liu [44] proposed a system capable of generating oblique decision rules from trained neural networks. Although oblique rules often can produce more compact and accurate rulesets, as they can handle more complex and non-linear relationships in data, they are less interpretable than conventional rules.



Much greater interpretability than fuzzy and oblique rules provides the induction of rules with M-of-N conditions. The M-of-N condition is represented as a disjunctive normal form (DNF) formula with N conjunctions, each containing M literals. For instance, the 2-of-3 condition can be written as a formula:    (  w 1  ∧  w 2  )  ∨  (  w 1  ∧  w 3  )  ∨  (  w 2  ∧  w 3  )   , where   w 1  ,   w 2  ,   w 3   are elementary conditions. However, the M-of-N condition may have various interpretations, such as “at least M out of N conditions are met”, “exactly M out of N are met”, and “at most M out of N conditions are met”. In addition, depending on the interpretation, the DNF formula representing the condition will differ. To induce the M-of-N conditions, greedy search [45,46], genetic algorithms [47], and constructive induction [48,49,50] have been applied. There are articles that present the idea of inducing M-of-N conditions from trained neural networks [51,52] and decision trees [50,53]. Some algorithms assume that the rule premise contains only M-of-N conditions. An analogy to the idea of inducing M-of-N formulas is found in the work by Beck et al. [54], proposing the induction of general logical functions by training alternating layers of conjunctive and disjunctive rulesets.



Considerations on various types of rule conditions are found in the [55] report, which is a kind of manifesto for the descriptive possibilities of classification (decision) rules. Although this work was written many years ago, to date, no broader research has been presented on the impact of complex elementary conditions on the descriptive and predictive capabilities of rulesets with such conditions. Moreover, there is no publicly available implementation of an algorithm generating complex conditions (e.g., enabling the comparison of attribute values or generating M-of-N conditions). It is worth noting that all the algorithms mentioned in this section apply only to classification problems.



Finally, we mention the studies related to introducing new attributes/features to the attribute set. New attributes reflect complex relationships between the basic attributes and can be generated using constructive induction methods (data-driven [56], hypothesis-driven [57], or other feature extraction methods [58]). Besides, new attributes may result from analyses (e.g., PCA [59], multidimensional scaling [60]) conducted by domain experts attempting to understand the dependencies present in the data of interest [61]. Although constructive induction may influence the descriptive and predictive capabilities of generated rulesets, it is only somewhat related to our article. Our method of inducing M-of-N conditions can be particularly viewed as an implementation of the concept of constructive hypothesis-driven induction.





3. Methods


3.1. Basic Notion


Let us consider the dataset   D ( A , δ )  , which contains   | D |   examples. Each example is described using a fixed set of attributes   A = {  a 1  ,  a 2  , … ,  a  | A |   }   and a special decision attribute  δ . The form and interpretation of decision attributes can vary based on the type of problem specified. In this paper, we focus on three problem types: classification, regression, and survival analysis.



For the classification problem, each example could be assigned to a specific class based on the value of the decision attribute. In such a case,  δ  is a discrete class identifier   δ ∈ {  L 1  ,  L 2  , … ,  L  | L |   }  . The task involves predicting the correct class value   L j   for a given example   X i  . In a regression problem, the decision attribute is a continuous variable:   δ ∈ R  . Therefore, the task is to predict its value with minimal error, ideally zero. In survival analysis, the label attribute refers to the Boolean censoring status, indicating whether the example was subject to a certain event (e.g., patients who suffered a stroke). For such an analysis, an additional survival time attribute T is required. The attribute T specifies the time before the event occurs, if the event occurs, for a given example. Otherwise, it equals the overall observation time. For classification and regression data, each example from D is represented as a vector    x i  =  (  a  i 1   ,  a  i 2   , … ,  a  i | A |   ,  δ i  )   . For the survival problem, this vector must be extended by the variable   T i  .



Our main objective is to define (induce) a set of rules describing examples from the set D and enabling the prediction of the value of the attribute  δ  for new (unseen) examples. This set of rules is later referred to as a rule-based data model.



Let R be a set of   | R |   rules. Each rule   r ∈ R   takes the following form:


  IF   c 1   ∧   c 1   ∧  … ∧   c n   THEN  δ = f  ( X )  .  








The rule premise is a conjunction of elementary conditions   c i   (  i ∈  1 , 2 , … , n   ).



If an example x fulfills the conditions of a rule r premise, we say that r covers x (x is covered by r).



The conclusion of a rule contains the decision part used during the prediction process. For classification and regression rules, a constant function is defined specifying a certain value of the decision attribute  δ  (e.g., a certain decision class).



For a survival rule r,   f ( x )   represents the Kaplan–Meier [62] estimator (i.e., the survival curve) defined based on all examples covered by r.



A set of rules can be treated as a predictor. The prediction is made by evaluating the premise part of each rule for a given example x. Only the rules covering the example x participate in the prediction process. The predicted value is obtained based on the decision part of these rules. If all rules covering the example x have the same conclusion, the prediction is straightforward. The predicted value of the decision attribute of example x is taken from the conclusions of the rules.



For classification problems, if an example is covered by rules with different conclusions, a voting procedure is invoked. Each rule covering the given example votes for the predicted value from its conclusion, and each vote is multiplied by the so-called voting weight. Voting weights can be calculated in various ways, such as using rule quality measures [8,63].



In regression and survival problems, the final prediction is obtained by averaging the decisions of the rules covering the example. In particular, in survival analysis, the Kaplan–Meier estimators of all rules covering a given example are averaged to obtain the final prediction value.



Another scenario is applied to an example not covered by any rule. Such an example is usually predicted using the so-called default rule. The premise of the default rule is empty, ensuring that the default rule covers every example. The conclusion of the default rule is calculated for the entire set of training examples and specifies the majority class for classification problems, the median value of the decision attribute for regression problems, and the Kaplan–Meier estimator for survival data.



Most existing rule induction algorithms generate rules with simple elementary conditions. The simple elementary condition has one of the following forms:   a = v   or   a < v   or   a > v  , where a is a conditional attribute, and v is one of its values. Such conditions may not always be optimal for describing datasets containing more complex relationships. In this paper, we focus on the induction of rules containing more complex conditions. We consider the following types of complex conditions.



	
Negated conditions: Represent negations of simple conditions (e.g.,   a ≠ v  ,   a ∉ [  v 1  ,  v 2  )   and all complex conditions listed below (except Disjunctions).



	
Attribute Relations: This type of condition covers all examples for which a given relation exists between given attributes. They are generated only for attributes of the same type, either nominal or numeric. For nominal attributes, the possible relations are equality and inequality. For numeric ones, the relations of strict and weak inequalities are additionally analyzed. Examples of such conditions are presented below:


  a = b ,  a  ≤ b   where  a  and  b  are   attributes .   











	
Internal Disjunctions: For nominal attributes, an elementary condition with internal disjunction is defined as follows:


  a ∈  {  v 1  ,   v 2  ,  … ,   v k  }    where   v 1  ,   v 2  ,  … ,   v k   are  values  of  a .  








For numeric attributes, the internal disjunction is represented as a disjunction of mutually disjoint intervals of values of the attribute a:


  a = (  [  v 1  ,   v 2  )  ∨  [  v 3  ,   v 4  )  ∨ … ∨  [  v 5  ,   v 6  )  ) ,  








where   v 1   <   v 2   <, …, <   v k   are values of a.



The above expression can be rewritten as an alternative of the simple elementary conditions   a =  v i   , (  i ∈ { 1 , 2 , … , k } ) .  






In this article, we propose a methodology that allows the induction of conditions known as M-of-N conditions. An M-of-N condition consists of N conditions, which can be either simple or complex. In our study the M-of-N condition is satisfied if exactly M or at least M of its N components are satisfied. Depending on the interpretation of the M-of-N condition, the sets of examples covering this condition may vary. In the experiments, we considered both interpretations of the M-of-N condition. An example of the M-of-N condition (2-of-3 condition) is presented below.


  2 - o f - 3 ( a = b ,  a  ≠ v ,  c ∈  {  v 1  ,  v 2  ,  v 3  }  ) .  











We can say that an M-of-N condition represents a compressed form of the DNF formula consisting of N disjunctions, each of which has M literals.



To simplify the notation, we denote all N conditions that are part of M-of-N by    C ′  =  {  c 1  ,   c 2  ,  … ,   c l  }   . In the case of our example,    C ′  =  {  c 1  ,   c 2  ,   c 3  }   . Using such a notation, the DNF form of our example condition, for the “at least M-of-N” interpretation, is as follows:


   (  c 1   ∧   c 2  )   ∨   (  c 1   ∧   c 3  )   ∨   (  c 2   ∧   c 3  )  .  








For the “exactly M-of-N” interpretation, the DNF form of our example is as follows:


   (  c 1   ∧   c 2   ∧  ¬   c 3  )   ∨   (  c 1   ∧   c 3   ∧  ¬   c 2  )   ∨   (  c 2   ∧   c 3   ∧  ¬   c 1  )  .  












3.2. Learning Rules with Simple Conditions


To induce rules with simple conditions, our approach employs the sequential covering rule induction algorithm. This algorithm makes it possible to induce classification, regression, and survival rules. The source code for the algorithm is available on GitHub [8] as the RuleKit library. In this subsection, we provide a concise explanation of RuleKit for all three types of rules. For a comprehensive understanding of how the RuleKit algorithm works, refer to [6,7] and the library documentation [64].



The algorithm starts with an empty ruleset and iteratively learns a single rule to induce a ruleset that covers the entire set of training examples, or until the number of uncovered examples remains below some fixed (algorithm’s parameter) value. After the induction of a rule, all examples covered by the rule are removed from the training set, and the algorithm proceeds to induce the next rule, which covers some of the remaining examples.



Inducing a new rule involves two phases: rule growing and rule pruning. In the growing phase (Algorithm 1), elementary conditions are added to the initially empty premise. When extending the premise, the algorithm considers all possible conditions built upon all attributes (line 5: GETALLCONDITIONS function call) and selects those leading to the rule with the highest quality. The algorithm enables the use of any well-known rule quality measures [63] or a user-defined rule quality measure. These measures guide the rule induction process, favoring rules that cover as many positive and few negative examples as possible. Using the rule quality measure, the algorithm aims to maximize the number of positive examples while minimizing the number of negative ones covered by the induced rules.



In the simplest version of the algorithm, the function GETALLCONDITIONS generates a set of all possible simple elementary conditions. For nominal attributes, conditions in the form    a i  =  v i    for all values   v i   from the attribute domain are considered. Regarding continuous attributes,   v i   values present in the observations covered by the rule are sorted. Subsequently, potential split points   s j   are determined as the arithmetic means of subsequent   v i   values, and conditions    a i  <  s j    and    a i  ≥  s j    are evaluated. If multiple conditions yield identical results, the one covering more examples is chosen. Rule pruning can be considered the opposite of rule growing. It iteratively removes conditions from the premise, systematically making eliminations that lead to the most substantial improvement in rule quality. The procedure stops when no conditions can be deleted without diminishing the rule’s quality or when the rule contains only one condition. RuleKit uses the hill climbing strategy for both rule growth and pruning. The process of searching for the best conditions is illustrated in Algorithm 2.



In the classification problem, the algorithm systematically iterates over all decision classes (class labels). In regression and survival analysis problems, the algorithm is executed once on the entire set of training examples. In the case of a regression problem, RuleKit transforms it into a binary classification problem, following the proposal in [65]. The conclusion of a regression rule r indicates a specific value of the decision attribute  δ . This value is calculated as the median   M e   of the decision attribute values of the examples that cover r. All training examples with a value  δ  within a range   [ M e − σ ,  M e + σ ]   represent the positive decision class, while the remaining examples represent the negative one. It is important to note that changing the premise of an induced rule dynamically affects the class membership of the covered examples. For survival analysis, RuleKit, instead of relying on rule quality measures, uses the log-rank test [66] to evaluate a rule during the growth and pruning phases. This test compares the differences between two Kaplan–Meier estimators: one fitted to the examples covered by the rule and the other fitted to the remaining examples.




3.3. Rules with Complex Conditions


The induction of rules with complex conditions (excluding M-of-N) is very similar to to the induction of rules containing only simple conditions.



When inducing rules with complex conditions, the set of all possible conditions (GETALLCONDITIONS line 5) includes not only simple conditions but in addition all possible attribute relations, internal disjunctions for symbolic attributes, and negated conditions.



The algorithm considers all possible attribute relations for attributes of the same type. For a symbolic attribute, the set of internal disjunctions corresponds to the power set of the attribute values.



To avoid nonsensical comparisons for a given dataset and to reduce computational complexity, the algorithm utilizes a list of attributes that should not be compared and limits the number of values that an internal alternative can contain.



Compared to the standard version of the RuleKit algorithm, the rule-growing phase differs only when internal disjunctions based on numeric attributes are added to the rule premise. The main modification involves introducing additional steps (see lines 8–10) into Algorithm 1. These additional steps occur only if the best-selected condition found earlier (line  6) is based on the numeric attribute. The GETDISJUNTIONS procedure extends this condition with pairs of mutually disjoint intervals.



The rule pruning phase remains the same as in the original version of the RuleKit algorithm. In both phases, there is a change in the selection of the best condition when several conditions achieve the same quality.






	Algorithm 1 Rule growing



	Require:



  D—training dataset,



    D u  —uncovered set of examples,



    D r  —examples covered by r,



  T—list of condition types to induce.


Ensure: r—rule.

	1:

	
 function Grow(D,  D u  , T)




	2:

	
    r ← ∅  




	3:

	
  repeat




	4:

	
      D r  ←  Covered(r, D)




	5:

	
     C ←  GetAllConditions(T, D,   D r  ,   D u  )




	6:

	
      c  b e s t   ←  GetBestCondition(C, r, D)




	7:

	
   ▹ induce internal disjunctions for numeric attributes




	8:

	
   if    c  b e s t   ≠ ∅  ∧   T includes INTERNAL_DISJUNCTIONS then




	9:

	
       C  a l t   ←  GetDisjunctions(  c  b e s t   , D,   D r  ,   D u  )




	10:

	
       c  b e s t   ←  GetBestCondition(   {  c  b e s t   }  ∪  C  a l t    , r, D)




	11:

	
   if    c  b e s t   ≠ ∅   then




	12:

	
      r ← r ∧  c  b e s t    




	13:

	
  until    c  b e s t   ≠ ∅  




	14:

	
  return r














To compare the quality of elementary conditions, a lexicographic order is used. Let us suppose that a condition c is given and a rule r contains c in its premise, then the condition c is evaluated according to the following criteria (see Algorithm 2):




	
The quality of r—line 6;



	
The number of positive examples covered by r—line 9;



	
The number of unique attributes included in c—line 11;



	
Comprehensibility, complexity of c—line 15.








The last criterion reflects our subjective assessment of the comprehensibility of elementary conditions. Each type of elementary condition is assigned a weight that reflects its comprehensibility:




	
Simple Conditions, Negated condition: 1;



	
Attribute Relation: 2;



	
Internal Disjunction:



	–

	
For numeric attributes: 0;




	–

	
For symbolic attributes 2.












The higher the weight value, the more comprehensible the condition. It should be emphasized that the last criterion is invoked only when the conditions being compared achieve the same evaluation for the remaining criteria.






	Algorithm 2 Finding the best condition



	Require:

  C—set of conditions,



  r—rule,



  D—training dataset.


Ensure:   c  b e s t   —best condition.

	1:

	
function GetBestCondition(C,r,D)




	2:

	
     c  b e s t   ← ∅  ,    q  b e s t   ← − ∞       ▹ best condition and its quality




	3:

	
  for   c ∈ C   do




	4:

	
      r c  ← r  ∧  c             ▹ add condition to the rule




	5:

	
     q ←  CalculateQuality(  r c  , D)




	6:

	
     f o u n d _ b e t t e r ← ( q >  q  b e s t   )       ▹ compare quality




	7:

	
   if   ¬ f o u n d _ b e t t e r ∧ q =  q  b e s t     then




	8:

	
    ▹ prefer conditions with a higher coverage




	9:

	
      f o u n d _ b e t t e r ←   (CoveredCount(c, D) > CoveredCount(  c  b e s t   , D))




	10:

	
    if   ¬ f o u n d _ b e t t e r   then




	11:

	
     ▹ prefer conditions with a smaller number of attributes




	12:

	
       f o u n d _ b e t t e r ←   (AttributesCount(c) < AttributesCount(  c  b e s t   ))




	13:

	
     if   ¬ f o u n d _ b e t t e r   then




	14:

	
       ▹ prefer conditions types with a higher weight




	15:

	
         f o u n d _ b e t t e r ←   (TypeWeight(c) > TypeWeight(  c  b e s t   ))




	16:

	
   if   f o u n d _ b e t t e r   then




	17:

	
       c  b e s t   ← c  ,    q  b e s t   ← q  




	18:

	
  return   c  b e s t   















3.4. Learning Rulesets with M-of-n Conditions


The method for inducing rules with M-of-N conditions assumes that these conditions are constructed based on an already-induced set of rules (R). The set R contains rules with both simple and complex conditions (Block 1—Figure 1). Following rule induction, a set C containing all elementary conditions present in ruleset R is determined (Block 2, Figure 1). In the subsequent step, a table—binary matrix (  B M  )—is constructed, with each column (k) representing an elementary condition from C (Block 3, Figure 1). The matrix   B M   contains |C| columns and |D| rows, each row representing one training example. For a given training example   x ∈ D   and column   k ∈ B M  ,   k ( x ) = 1   if and only if x is covered by an elementary condition represented by column k; otherwise,   k ( x ) = 0  . In   B M  , frequent sets fulfilling the minimum support condition (algorithm’s parameter) are mined. Specifically, for all allowed values of M, all frequent M-itemsets are mined. For instance, if the analysis aims to extend the set of elementary conditions with 2-of-3 and 3-of-4 conditions, both frequent 2-itemsets and 3-itemsets are sought. In the proposed method, the FP-growth algorithm [67] is applied to mining frequent itemsets. Following frequent itemset mining, the procedure to generate candidates for M-of-N conditions is initiated (Block 4, Figure 1). A candidate for the M-of-N condition comprises N frequent M-itemsets (see Example). To constrain the number of candidates in further calculations, the average support is calculated for each M-of-N candidate. The average support of an M-of-N condition is the average value of supports of all N frequent M-itemsets defining this condition. The top l (algorithm’s parameter) candidates with the highest support are selected for further processing. In the penultimate step, the binary matrix   B M   is extended with l candidate M-of-N conditions (Block 5, Figure 1). To the extended   B M   matrix, a decision column identical to the one in the training set D is added (Block 6, Figure 1). Finally, the rule induction is performed on (  B M  ,  δ ), but this time the rule induction algorithm induces rules only with simple elementary conditions (i.e.,   k = 1   or   k = 0  ). Note that column k in the extended   B M   matrix may represent a simple, complex (created in Block 2, Figure 1) or M-of-N condition (created in Block 4, Figure 1).



The proposed method has an additional advantage: if an induced rule contains a condition   k = 0  , and for example, k corresponds to the M-of-N condition, this means that the rule contains the negation of M-of-N.



	
Example



	
Let us assume that D contains a nominal attribute a and two numeric attributes b and c. The ruleset induced in the first step contains the following conditions:   a = 1  ,   a = 0  ,   a = 2  ,   b > 2  ,   b > 5  ,   b < 4  ,   b = c  . The matrix BM contains 7 columns. Moreover, let us assume that 2-of-3 conditions are induced and the FP-growth algorithm found the following frequent 2-itemsets, fulfilling the minimal support requirement:




	
  { a = 0  ,  b < 4 }  ;



	
  { a = 0  ,  b = c }  ;



	
  { b < 4  ,  b = c }  .








These itemsets may define a single 2-of-3 condition candidate:


2-of-3 (a = 0, b < 4, b = c).
















4. Experiments and Results


4.1. Experiments Methodology


To evaluate the proposed methods, experiments were carried out on 76 publicly available datasets. Among all the considered datasets, 25 contain only numeric attributes, comprising 7 for classification, 12 for regression, and 6 for survival analysis. Another 12 datasets consist solely of symbolic attributes, with 11 being classification datasets and 1 for regression. The remaining datasets contain both symbolic and numeric attributes. The aggregated statistics of the datasets are presented in Table 1. All results, source code, and detailed characteristics of these datasets are available in the GitHub repository (https://github.com/adaa-polsl/m-of-n-rules accessed on 21 February 2024). All experiments were carried out in a stratified 10-fold cross-validation mode, with the exception of the Monk’s datasets, where the default division into training and testing parts was used.



For each dataset, four rulesets were trained. The first, denoted as simple contains only simple elementary conditions. The second, denoted as complex, contains complex and simple conditions, and the last two rulesets, at least M-of-N and exactly M-of-N, contain simple, complex, and M-of-N conditions, reflecting two interpretations of these conditions.



During rule induction, the well-known   C 2   rule quality measure [6,68] (see Equation (1)) was used in the rule growing and pruning phases, and for classification conflicts resolution. We decided to use this measure because it favors rules with high precision and moderate coverage [6,7]. Moreover, each new rule added to the ruleset had to cover at least two previously uncovered positive examples. Following the completion of the growing phase, a rule had to cover at least five examples, unless the total number of positive examples in the analyzed dataset was fewer. This allows the algorithm to induce rules even for datasets with very small decision classes containing only a few examples, while avoiding overly specific rules covering individual data entries. Induced rulesets were not required to cover the entire dataset: a maximum of 2% of the examples could remain uncovered by any rule. Such a configuration allows us to disregard a certain level of outlier examples in the training dataset.


  C 2 = C o l e m a n ·   P + p   2 P     where   C o l e m a n =   N p − P n   N ( p + n )    



(1)







When searching for frequent itemsets, the minimal support value was set at 0.2. Before selecting this value, we tested three minimal support values: 0.1, 0.15, and 0.2 (refer to the Section 4.2 for more details).



For all experiments involving the induction of M-of-N conditions, only the 2-of-3 conditions were induced.




	
For rulesets evaluation, we used the standard metrics:




	
Classification: balanced accuracy (BAcc);



	
Regression: relative root-mean-squared error (RRMSE (2));



	
Survival: integrated Brier score [64] (IBS (3) and (4) [69]).










  R R M S E =     1 n   ∑  i = 1  n    (  y i  −  y ¯  )  2       ∑  j = 1  n   y j   n    



(2)






  I B S =  ∫   t 0    t  m a x    B  S c   ( t )   d w  ( t )    



(3)






   BS c   ( t )  =  1 n   ∑  i = 1  n  I  (  y i  ≤ t ∧  δ i  = 1 )     ( 0 −  π ^   ( t |  x i  )  )  2    G ^   (  y i  )    + I  (  y i  > t )     ( 1 −  π ^   ( t |  x i  )  )  2    G ^   ( t )      



(4)




To evaluate the quality of induced rules, both precision (  p / ( p + n )  ) and coverage (  p / P  ) were calculated. For the survival problem lacking defined decision classes, the rule support (  | r | / | D |  ) is reported. In the aforementioned expressions, p and n denote the number of positive and negative examples covered by a rule, respectively; P denotes the total number of positive examples;   | D |   represents the total number of examples; and   | r |   denotes the number of examples covered by the rule r.







In addition, quantitative analysis of the results included assessing the statistical significance of the induced rules. The fraction of significant rules in the ruleset was calculated as the fraction of rules with a p-value less than 0.05. The p-values were calculated as follows:




	
For classification: using Fisher’s exact test to compare confusion matrices;



	
For regression: using the   χ 2   test to compare label variance for covered and uncovered examples;



	
For survival: using the log-rank test to compare survival estimators for covered and uncovered examples.








All p-values were corrected using false discovery rate (FDR) correction [70].




4.2. Results


Table 2, Table 3 and Table 4 present average values of the statistics characterizing induced rulesets. Detailed results, separately for all datasets, are available in the GitHub repository (https://github.com/adaa-polsl/m-of-n-rules accessed on 21 February 2024).



Upon analyzing the aforementioned table, one may observe that rulesets containing complex and M-of-N conditions, in general, contain a lower number of rules than rulesets with simple conditions. The only exception is in survival data, where rulesets containing complex conditions have the most rules. Classification rules have similar precision and coverage. In comparison to rules with simple conditions, regression rules with M-of-N conditions have higher precision and coverage. Regression rules with complex conditions are the most specific because they have the highest precision and the lowest coverage. A similar relationship is observed for survival rules with complex conditions, which have the lowest support. This low support is the reason for the higher number of induced rules.



The fraction of significant rules in the rulesets is very similar. For classification and survival rules, almost all induced rules are statistically significant, while for regression rules, only 50% of rules are significant. However, the introduction of complex and M-of-N conditions to the rule premises does not negatively affect the percentage of rules that are significant. Rulesets with complex conditions contain rules of the highest precision, leading to a larger number of statistically significant rules in these sets.



In analyzing the values in the ‘Conditions count’ columns, one may observe that the introduction of complex conditions into rule premises results in this type of condition becoming the most prevalent. However, when permitting the induction of M-of-N conditions, the occurrence of simple and complex conditions becomes comparable. There are only a few M-of-N conditions in the induced rulesets. This is because the   m i n _ s u p p   value for acceptable frequent itemsets was set to 0.2 (subsequent sections present results for other   m i n _ s u p p   values). Both interpretations of the M-of-N conditions yield similar outcomes. Rulesets containing M-of-N conditions have slightly higher coverage compared to other rulesets, along with marginally greater (in regression) or comparable (in classification) precision.



Figure 2, Figure 3 and Figure 4 show the results of the statistical analysis comparing the number of induced rules. In this comparison, the Friedman test and Nemenyi post hoc test (with a significance level of 0.05) were conducted [71]. The presented critical difference (CD) diagrams show the differences between different versions of the algorithm. Specifically, they show that there are no differences between rulesets with simple and complex conditions or between rulesets with complex and M-of-N conditions. However, it is worth noting that the test used is very conservative. When examining the algorithm rankings, it is evident that rulesets containing M-of-N conditions are the least numerous, regardless of the type of training data considered.



Table 5 shows the prediction possibilities of the induced rulesets. The rule induction algorithm with simple elementary conditions attains the highest balanced accuracy and the lowest RRMSE and IBS values. In analyzing the contents of Table 5, one can notice that all rulesets achieve similar results. For the classification problem, the complex variant is better than the others, while the variants that introduce N-of-N conditions achieve slightly worse results than the simple one. The regression rulesets obtain very similar results, except for the ruleset with simple conditions, which attains the best result. A very similar situation is observed for survival rules.



For a more insightful comparison of the tested rulesets, the Friedman test with and without FDR correction was run (Table 6). The results show a significant difference in the number of generated rules, while the differences among the predictive possibilities of the rulesets are insignificant at the 5% significance level. This means that introducing complex elementary conditions into the rule premises allows for the induction of sets of rules with similar predictive abilities but representing different dependencies in the data.



The final analysis focused on the effect of the   m i n _ s u p p   value in the frequent itemset search algorithm on the number of M-of-N conditions generated and the predictive capabilities of the rulesets that contain these conditions. Experiments were conducted with three different   m i n _ s u p p   values (0.1, 0.15, and 0.2). Figure 5 and Figure 6 illustrate the number of 2-of-3 conditions generated at each   m i n _ s u p p   level and the predictive capabilities of rulesets that include these conditions.



For all considered   m i n _ s u p p   values, the classification capabilities remain at a very similar level. However, with decreasing   m i n _ s u p p  , the number of M-of-N conditions and the variance of classification results increase. In our subjective evaluation, M-of-N conditions describe specific data patterns (refer to case studies), and rulesets with too many such conditions may be challenging to interpret. The experiments described in the first part of this section, as well as in the case studies, were carried out with   m i n _ s u p p = 0.2  .




4.3. Case Studies


For case studies, we present the results of rule induction for two well-known benchmark sets: Iris and Monk’s problems. Both datasets describe classification problems; Monk’s datasets are synthetic, where membership of an example to the target class is defined using a certain logical formula.



4.3.1. Iris Dataset


The Iris dataset represents the very popular three-class problem of classifying iris flower types based on the width and length of their petals and sepals. The dataset contains three decision classes (setosa, versicolor, and virginica), which are types of flowers, and 150 examples.



Table 7 presents a ruleset that contains rules with simple conditions only. The training set contains 135 examples, and the remaining examples form the test set. The ruleset contains nine rules and achieves   B A c c = 0.93   on the test set. The second and third rules cover only a few examples.



Table 8 presents the rules with complex elementary conditions. This ruleset contains two rules fewer than the first where only simple conditions were allowed. Additionally, all of its rules cover a similar and rather large number of examples, resulting in the same   B A c c   score of 0.933. One rule describing the setosa decision class contains the complex condition sepalwidth > petallength. Figure 7 illustrates the relation described by the first rule (dashed line). Green dots represent positive training examples, and red dots represent positive examples from the test set. Black dots stand for negative examples from the training dataset and red crosses stand for negative examples from the test dataset.



For numeric attributes, a complex condition of the form   a ⊙ b  —where a,b are attributes and   ⊙ ∈ { > , ≥ < , ≤ }  —represents a specific case of the oblique elementary condition [43].



The rulesets that contain rules with M-of-N (2-of-3) conditions are presented in Table 9 (for the exactly 2-of-3 interpretation) and Table 10 (for at the at least 2-of-3 interpretation). Both rulesets achieve the same   B A c c   score as the above-presented rules with simple and complex conditions. Introduction conditions having the form M-of-N results in the reduction of induced rules.



In both interpretations of the M-of-N condition, the virginica class is described by a single rule with a negated 2-of-3 condition. This rule covers all positive examples found in the training set. Rule r2 presented in Table 9 has a 2-of-3 condition, one of the components of which is the complex condition spalwidth > petallength. Combining simple conditions with complex ones and M-of-N conditions allows, in the presented example, for obtaining a concise description of the data while maintaining this description at a level understandable to the user.




4.3.2. MONK’s Problems


The well-known MONK’s problems reflect binary classification tasks. The datasets associated with these problems are commonly used to benchmark various concept learning algorithms (https://archive.ics.uci.edu/dataset/70/monk+s+problems accessed on 21 February 2024). Each dataset comprises six categorical attributes (  a 1  ,   a 2  , …,   a 6  ) and a class attribute. The purpose of the analysis is to discover the target concept defined as follows [72]:




	
For MONK-1:





class = 1 if a1 = a2 ∨ a5 = 1, otherwise class = 0.











	
For MONK-2:





class = 1 if exactly two of {a1 = 1, a2 = 1, a3 = 1, a4 = 1, a5 = 1, a6 = 1}, otherwise class = 0.











	
For MONK-3:





class = 1 if (a5 = 3 ∧ a4 = 1) or (a5 ≠ 4 ∧ a2 ≠ 3), otherwise class = 0.
















The MONK-3 trained dataset additionally includes 5% noise for the class attribute.



The MONK-1 dataset contains 324 examples, where the training part has 124 examples (62 positive ones), and the test part contains the rest of them.



The ruleset induced using only simple conditions is presented in Table 11 and consists of 5 rules describing the positive class, achieving a   B A c c   score of 0.967 on the test dataset. Comparing it with the formula describing the MONK-1 problem, we can notice its redundancy. Additionally, we can observe relatively low support values for rules r4 and r5, which cover relatively few examples.



Table 12 presents the ruleset induced with the use of complex conditions. Now the ruleset contains only two rules that perfectly capture the MONK-1 problem and achieve a   B A c c   of 1.0. In addition, we can notice how the support values of the rules significantly increase. Rulesets induced with the use of M-of-N conditions, in this case, are exactly the same as the one in Table 12. This is an expected result because extending rules with M-of-N conditions cannot provide any further improvement in this situation.



The MONK-2 dataset comprises 369 examples, where 169 are the training part containing 105 positive examples. For this dataset, where the positive class is described by a single exactly 2-of-6 condition, the ruleset induces using only simple conditions and contains 27 rules. Such a ruleset achieves a   B A c c   of 0.698 on the test dataset. Many of its rules achieve very poor support values, where 14 of them cover less than three examples in total. For brevity, this ruleset is not presented in this paper. However, based on the number of rules in it and their predictive score, it is easy to see that simple conditions fail to describe this data sufficiently. Such rules achieve a fairly high score in the training part of the dataset (0.921), which drops dramatically in the testing part.



The ruleset trained on the MONK-2 dataset using complex conditions (without M-of-N conditions) contains 21 rules and is not presented in this paper due to its size. The generated rules achieve a   B A c c   of 0.819. These rules have better support values than the ones with only simple conditions, yet still some of them cover only a few examples. Based on this information, we can conclude that the usage of complex conditions allowed a better and more accurate description of this dataset, yet this description is still very redundant.



Rulesets containing complex and M-of-N conditions for the MONK-2 dataset are presented in Table 13 (for at least 2-of-6) and Table 14 (for exactly 2-of-6).



The ruleset with at least 2-of-6 conditions contains three rules, and its   B A c c   score is 0.764. Here we can observe a reduction in the number of rules compared to rules with complex conditions, coupled with a certain deterioration in the predictive score. The same set of rules induced using the variant exactly 2-of-6 (Table 14) contain only one rule with a single M-of-N condition, equal to the original formula describing the MONK-2 problem. Interestingly, the algorithm returns the same rule for the negative class but with a negated M-of-N condition. Both of the rulesets with M-of-N conditions contain rules with higher support values than the previously mentioned ones. This example shows how choosing the correct variant of M-of-N conditions for a given dataset can affect the size and quality of the resulting ruleset. Moreover, we can see how M-of-N conditions can help create shorter and more interpretable descriptions of relationships in data that are difficult or sometimes impossible to capture with other types of conditions.



The MONK-3 dataset contains 554 examples, with 122 of them being the training part, which includes 60 positive and 62 negative examples. The set of rules trained for the last MONK-3 problem, containing only simple conditions, consists of 13 rules and achieves a   B A c c   score of 0.913. As before, some of them have low support values, and three of them cover fewer than 10 examples in total.



The ruleset induced using complex conditions for this dataset is visible in Table 15. Now the ruleset contains only two rules with an improved   B A c c   of 0.991. We can observe here that the usage of nominal internal disjunction conditions results in more concise data descriptions while improving its predictive quality and increasing the average rules support.



The rulesets with M-of-N conditions are shown in Table 16—for the interpretation of at least 2-of-3 —and in Table 17—for the interpretation of exactly 2-of-3. Both sets of rules contain two rules and achieve the same   B A c c   score of 0.974, with all the rules having high support values.



Looking at the rulesets with complex conditions, we can see that the first rule is equal to the second part of the formula describing the MONK-3 problem. This is because the   a 2   attribute’s domain is {1, 2, 3}, and the domain of the   a 5   attribute is {1, 2, 3, 4}. However, the second rule in Table 15 ruleset does not fit the original problem description. A similar situation can be observed for both rulesets with 2-of-3 conditions, where the first rule is a different, more concise, form of the second part of the MONK-2 problem definition. None of the rulesets, however, manages to discover the first part of the formula (a5 = 3 ∧ a4 = 1).



This particular case study shows that using M-of-N conditions may not be optimal for all datasets, especially when such relationships are not present in the data.




4.3.3. Bone Marrow Transplantation


BMT-Ch dataset describes 187 individuals, comprising 75 females and 112 males, with ages ranging from 0.6 to 20.2 years (median 9.6 years). These individuals were admitted to the Department of Pediatric Bone Marrow Transplantation, Oncology, and Hematology at Wrocław Medical University, Poland. The spectrum of diseases observed in this cohort consisted of 155 cases of malignant disorders, including 67 patients diagnosed with acute lymphoblastic leukemia, 33 with acute myelogenous leukemia, 25 with chronic myelogenous leukemia, and 18 with myelodysplastic syndrome. Additionally, 32 cases of nonmalignant disorders were documented: 13 patients with severe aplastic anemia, 5 with Fanconi anemia, and 4 with X-linked adrenoleukodystrophy.



In each case, the procedure involved unmanipulated allogeneic unrelated donor hematopoietic stem cell transplantation, performed in accordance with European protocols or guidelines from the European Blood and Marrow Transplant Inborn Errors Working Party, with modifications accepted worldwide, tailored to the specific disease and/or condition of the patient prior to transplantation. Each patient’s profile was characterized by a set of 42 conditional attributes, with interpretations of selected attributes presented in Table 18. The occurrence of patient mortality was considered as an event in the analysis. The dataset was divided into a training and testing section containing 168 and 19 examples respectively.



Table 19 presents 6 out of 10 rules induced on the BMT-Ch dataset using simple conditions only. This ruleset achieves IBS = 0.15 on the test set.



The ruleset employing complex conditions, comprises 12 rules with an IBS (Imbalance Severity) score of 0.208. For this specific dataset, it appears that complex conditions have not rendered the data description more concise compared to rules utilizing simple conditions. Additionally, there is a noticeable decline in the predictive quality of the model.



Table 20 and Table 21 present rulesets induced using an at least 2-of-3 condition and exactly 2-of-3 condition, respectively. The former includes four rules and achieved an IBS score of 0.177, while the latter comprises only three rules with an IBS score of 0.172. This clearly demonstrates how the M-of-N conditions contribute to creating concise rulesets. For the considered set of examples, rules employing M-of-N conditions performed better, significantly reducing the number of rules while causing relatively minor deterioration in the IBS.



In both rulesets (Table 20 and Table 21) the last rule contains the condition relapse ≠ acute_GvHD_III_IV. Figure 8 presents the survival curve associated with this condition against the survival curve calculated for the entire training set. Analyzing the meaning of this rule, we can conclude that in the case of bone marrow transplantation, the presence of one of the factors appearing in the rule has a negative impact on the chance of prolonged survival of patients. Actually, the co-occurence of these two factors, i.e., relapse={Yes} and acute_GvHD_III_IV={Yes}, negatively impacts survival time (see Figure 8, right chart). However, in the analyzed dataset, there are only two such examples, thus they have minimal significance for the induction algorithm in which elementary conditions are selected using the log-rank test. Moreover, this situation highlights the importance of a thorough analysis of the rules induced in automatic way if the goal of induction is knowledge discovery.



In the ruleset listed in Table 21, there is one rule (  r 1  ) that includes a 2-of-3 condition. This rule can be decomposed into a DNF formula that is an alternative of three rules   r 1 _ 1  ,   r 1 _ 2  ,   r 1 _ 3  , as shown in Figure 9.



The conclusions of rules   r 1 _ 1  ,   r 1 _ 2  ,   r 1 _ 3   are almost the same as the conclusion of   r 1  . However,   r 1   covers significantly more examples—it covers all the examples covered by   r 1 _ 1  ,   r 1 _ 2  , and   r 1 _ 3  . The support of the rule   r 1   equals 65%. In addition it is worth noting that the rules appear neither in the ruleset containing simple elementary conditions nor in the set containing rules with complex conditions.






5. Conclusions


This article proposes a modification to the rule induction algorithm, incorporating the induction of both complex elementary conditions and M-of-N conditions. Specifically, the induction of M-of-N conditions is a two-stage process. In the second stage, M-of-N conditions are generated based on identifying frequent sets that include both simple and complex conditions induced during the first pass of rule induction.



An analysis of several dozen datasets and case studies demonstrates that introducing complex and M-of-N conditions into rules reveals relationships that cannot be represented by rules that contain only simple elementary conditions. The presented method can be applied to knowledge discovery tasks. Moreover, the experiments indicate that the induction of rulesets with complex and M-of-N conditions does not significantly impact the predictive capabilities of these rulesets.



The proposed method enables the induction of classification, regression, and survival rules.



Generating rules with complex and M-of-N conditions does not adversely affect the computational complexity of the rule induction algorithm. However, it does extend the rule induction time, sometimes significantly. This feature can be considered a drawback of the current implementation of the method. The time complexity remains the same as the standard sequential rule induction algorithm [7,15]. The algorithm’s complexity is quadratic with respect to the number of training examples.



Our future work will focus on integrating the implementation of the presented method with the RuleKit library. Recently, new functions have been added to this library, including a limitation of the number of cuts considered when creating elementary conditions (the histogram method was used by analogy to the implementation of the GBM algorithm [73]). In addition, we intend to extend the algorithm with the capability to induce rules with exceptions [74]. This modification is expected to have a positive impact on the predictive accuracy of the induced rulesets.
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Figure 1. Induction of rules with M-of-N conditions. 
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Figure 2. CD diagram for the average number of induced classification rules. 
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Figure 3. CD diagram for the average number of induced regression rules. 
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Figure 4. CD diagram for the average number of induced survival rules. 
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Figure 5. Classification results and M-of-N conditions count for rules with at least 2-of-3 conditions for different values of minimum support of sought frequent itemsets. 
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Figure 6. Classification results and M-of-N conditions count for rules with exactly 2-of-3 conditions for different values of minimum support of sought frequent itemsets. 
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Figure 7. Visualisation of the first rule from Table 8. The dashed line illustrates the rule premise condition. Green and red dots represent positive examples from the training and testing sets. Black dots and red crosses represent negative examples from the training and testing sets. 
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Figure 8. Visualisation of the rule conclusion of the rule relapse ≠ acute_GvHD_III_IV. 
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Figure 9. Visualisation of the conclusions of the rules   r 1   and   r 1 _ 1 , … , r 1 _ 3  . 






Figure 9. Visualisation of the conclusions of the rules   r 1   and   r 1 _ 1 , … , r 1 _ 3  .



[image: Make 06 00026 g009]







 





Table 1. Statistics of the datasets used during experiments.
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Problem Type

	
Number of Datasets

	
Attributes

	
Rows




	
All

	
with Missing Values

	
Mean

	
Min/Max

	
Mean

	
Min/Max






	
Classification

	
30

	
10

	
16

	
4/61

	
1131

	
101/12,960




	
Regression

	
30

	
3

	
9

	
3/28

	
189

	
27/625




	
Survival

	
16

	
7

	
16

	
6/57

	
723

	
187/3154











 





Table 2. Characteristics of classification rulesets.
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Conditions

	
Rules Count

	
Conditions Count

	
Precision

	
Coverage

	
Fraction of Significant Rules




	
Simple

	
Complex

	
M-of-N






	
Simple

	
60.8

	
2.8

	
-

	
-

	
0.96

	
0.14

	
0.94




	
Complex

	
44.2

	
1

	
1.5

	
-

	
0.96

	
0.16

	
0.94




	
Exactly 2-of-3

	
43.4

	
1.4

	
0.8

	
0.2

	
0.95

	
0.16

	
0.94




	
At least 2-of-3

	
43.8

	
1.4

	
0.9

	
0.2

	
0.96

	
0.16

	
0.94











 





Table 3. Characteristics of regression rulesets.
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Conditions

	
Rules Count

	
Conditions Count

	
Precision

	
Coverage

	
Fraction of Significant Rules




	
Simple

	
Complex

	
M-of-N






	
Simple

	
20.8

	
2.8

	
-

	
-

	
0.76

	
0.14

	
0.51




	
Complex

	
21.9

	
0.6

	
2.9

	
-

	
0.83

	
0.13

	
0.69




	
Exactly 2-of-3

	
15.9

	
1.3

	
1.2

	
0.6

	
0.81

	
0.21

	
0.53




	
At least 2-of-3

	
14.6

	
1.4

	
1.3

	
0.3

	
0.82

	
0.22

	
0.54











 





Table 4. Characteristics of survival rulesets.
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Conditions

	
Rules Count

	
Conditions Count

	
Support

	
Fraction of Significant Rules




	
Simple

	
Complex

	
M-of-N






	
Simple

	
7.8

	
2.2

	
-

	
-

	
0.37

	
0.95




	
Complex

	
11.1

	
1.1

	
3.4

	
-

	
0.29

	
0.94




	
Exactly 2-of-3

	
6.4

	
0.9

	
1.3

	
1.0

	
0.37

	
0.97




	
At least 2-of-3

	
5.3

	
0.9

	
1.2

	
0.6

	
0.42

	
0.98











 





Table 5. Prediction results on test datasets (10-fold CV).
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	Conditions
	BAcc
	RRMSE
	IBS





	Simple
	0.771 ± 0.077
	0.728 ± 0.234
	0.179 ± 0.036



	Complex
	0.774 ± 0.079
	0.794 ± 0.344
	0.185 ± 0.038



	Exactly 2-of-3
	0.758 ± 0.084
	0.782 ± 0.344
	0.188 ± 0.05



	At least 2-of-3
	0.756 ± 0.085
	0.787 ± 0.336
	0.186 ± 0.05



	Decision tree
	0.76 ± 0.199
	0.82 ± 0.282
	0.21 ± 0.0701










 





Table 6. Friedman’s tests results (p-values).
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Rules Count

	
Prediction Score






	

	
Before Correction

	
After Correction

	
Before Correction

	
After Correction




	
Classification

	
3.2 × 10−4

	
3.2 × 10−4

	
0.22

	
0.22




	
Regression

	
3.2 × 10−6

	
1.0 × 10−5

	
0.08

	
0.12




	
Survival

	
1.6 × 10−5

	
2.4 × 10−5

	
0.058

	
0.17











 





Table 7. Iris dataset—rules with simple conditions.
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	r1:
	IF petallength < 2.45 THEN class = setosa (p = 45, n = 0).



	r2:
	IF sepalwidth ∈ [2.35, 2.45) THEN class = versicolor (p = 3, n = 0).



	r3:
	IF sepallength > 6.1 AND sepalwidth < 2.45 THEN class = versicolor



	
	(p = 2, n = 0).



	r4:
	IF petallength ∈ [2.3, 4.75) THEN class = versicolor (p = 40, n = 1).



	r5:
	IF petalwidth < 1.65 AND petallength ∈ [2.2, 4.95)



	
	THEN class = versicolor (p = 43, n = 0).



	r6:
	IF petalwidth < 1.85 AND sepallength > 4.95 AND petallength ∈ [2.45, 5.15)



	
	THEN class = versicolor (p = 44, n = 7).



	r7:
	IF petalwidth > 1.65 AND petallength > 4.85 THEN class = virginica



	
	(p = 38, n = 0).



	r8:
	IF petalwidth > 1.65 THEN class = virginica (p = 41, n = 1).



	r9:
	IF petallength > 4.95 THEN class = virginica (p = 39, n = 1).










 





Table 8. Iris dataset—rules with complex conditions.






Table 8. Iris dataset—rules with complex conditions.









	r1:
	IF sepalwidth > petallength THEN class = setosa (p = 45, n = 0).



	r2:
	IF petalwidth < 1.65 AND petallength ∈ [2.45, 4.8) THEN class = versicolor



	
	(p = 40, n = 0).



	r3:
	IF sepallength > 4.95 AND petallength ∈ [2.45, 4.9) THEN class = versicolor



	
	(p = 41, n = 2).



	r4:
	IF petalwidth ∈ [0.8, 1.7) AND petallength < 4.95 THEN class = versicolor



	
	(p = 43, n = 0).



	r5:
	IF petalwidth > 1.65 AND petallength > 4.85 THEN class = virginica



	
	(p = 38, n = 0).



	r6:
	IF petalwidth > 1.65 THEN class = virginica (p = 41, n = 1).



	r7:
	IF petallength > 4.95 THEN class = virginica (p = 39, n = 1).










 





Table 9. Iris dataset—rules with M-of-N conditions (exactly 2-of-3).
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	r1:
	IF sepalwidth > petallength THEN class = setosa (p = 45, n = 0).



	r2:
	IF 2-of-3 (petallength < 4.95, sepalwidth > petallength, petalwidth < 1.65).



	
	THEN class = versicolor (p = 43, n = 0).



	r3:
	IF sepalwidth < petallength THEN class = versicolor (p = 45, n = 45).



	r4:
	IF ¬ 2-of-3 (sepalwidth > petallength, petalwidth ∈ [0.80, 1.70), petallength < 4.95)



	
	THEN class = virginica (p = 45, n = 2).










 





Table 10. Iris dataset—rules with M-of-N conditions (at least 2-of-3).
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	r1:
	IF sepalwidth > petallength THEN class = setosa (p = 45, n = 0).



	r2:
	IF petallength ∈ [2.45, 4.80) AND petalwidth < 1.65 THEN class = versicolor



	
	(p = 40, n = 0).



	r3:
	IF petallength ∈ [2.45, 4.90) AND



	
	2-of-3 (petallength < 4.95, petalwidth < 1.65, sepallength > 4.95)



	
	THEN class = versicolor (p = 42, n = 2).



	r4:
	IF petalwidth ∈ [0.80, 1.70) AND petallength < 4.95 THEN class = versicolor



	
	(p = 43, n = 0).



	r5:
	IF ¬ 2-of-3 (petallength < 4.95, sepalwidth > petallength, petalwidth < 1.65)



	
	THEN class = virginica (p = 45, n = 2).










 





Table 11. MONK-1 dataset—rules with simple conditions.






Table 11. MONK-1 dataset—rules with simple conditions.





	r1:
	IF a5 = 1 THEN class = 1 (p = 29, n = 0).



	r2:
	IF a1 = 3 AND a2 = 3 THEN class = 1 (p = 17, n = 0).



	r3:
	IF a3 = 2 AND a4 = 1 AND a6 = 1 THEN class = 1 (p = 7, n = 1).



	r4:
	IF a1 = 2 AND a2 = 2 THEN class = 1 (p = 15, n = 0).



	r5:
	IF a1 = 1 AND a2 = 1 THEN class = 1 (p = 9, n = 0).










 





Table 12. MONK-1 dataset—rules with complex conditions.






Table 12. MONK-1 dataset—rules with complex conditions.





	r1:
	IF a1 = a2 THEN class = 1 (p = 41, n = 0).



	r2:
	IF a5 = 1 THEN class = 1 (p = 29, n = 0).










 





Table 13. MONK-2 dataset—rules with M-of-N conditions (at least 2-of-6).
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	r1:
	IF ¬ 2-of-6 (a1 = 1, a2 = 1, a3 = 2, a4 = 1, a5 = 1, a6 = 1) THEN class = 1 (p = 33, n = 17).



	r2:
	IF ¬ 2-of-6 (a1 = 1, a2 = 1, a3 = 1, a4 = 1, a5 = 1, a6 = 2) THEN class = 1 (p = 28, n = 20).



	r3:
	IF 2-of-6 (a1 = 1, a2 = 1, a3 = 1, a4 = 1, a5 = 1, a6 = 1) THEN class = 1 (p = 64, n = 64).










 





Table 14. MONK-2 dataset—rules with M-of-N conditions (exactly 2-of-6).






Table 14. MONK-2 dataset—rules with M-of-N conditions (exactly 2-of-6).





	r1:
	IF 2-of-6 (a1 = 1, a2 = 1, a3 = 1, a4 = 1, a5 = 1, a6 = 1) THEN class = 1 (p = 64, n = 0).










 





Table 15. MONK-3 dataset—rules with complex conditions.
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	r1:
	IF a2 ∈ 1, 2 AND a5 ∈ {1, 2, 3} THEN class = 1 (p = 57, n = 5).



	r2:
	IF a1 ≠ a4 AND a5 ∈ {1, 2, 3} THEN class = 1 (p = 42, n = 16).










 





Table 16. MONK-3 dataset—rules with M-of-N conditions (at least 2-of-3).






Table 16. MONK-3 dataset—rules with M-of-N conditions (at least 2-of-3).





	r1:
	IF a2 ≠ 3 AND a5 ≠ 4 THEN class = 1 (p = 57, n = 5).



	r2:
	IF a1 ≠ a4 AND ¬ 2-of-3 (a5 = 4, a2 = 3, a3 ≠ 2) THEN class = 1 (p = 42, n = 16).










 





Table 17. MONK-3 dataset—rules with M-of-N conditions (exactly 2-of-3).






Table 17. MONK-3 dataset—rules with M-of-N conditions (exactly 2-of-3).









	r1:
	IF a2 ≠ 3 AND a5 ≠ 4 THEN class = 1 (p = 57, n = 5).



	r2:
	IF a5 ≠ 4 AND a1 ≠ a4 AND ¬ 2-of-3 (a5 = 4, a2 = 3, a3 ≠ 2)



	
	THEN class = 1 (p = 42, n = 7).










 





Table 18. BMT-Ch (Bone Marrow Transplantation) dataset attributes.






Table 18. BMT-Ch (Bone Marrow Transplantation) dataset attributes.





	Attribute Name
	Description





	donor_age
	Age of the donor at the time of hematopoietic stem cells apheresis



	donor_ABO
	ABO blood group of the donor of hematopoietic stem cells



	recipient_age_int
	Age of the recipient of hematopoietic stem cells at the time of transplantation



	recipient_body_mass
	Body mass of the recipient of hematopoietic stem cells at the time of transplantation



	recipient_ABO
	ABO blood group of the recipient of hematopoietic stem cells



	recipient_rh
	Presence of the Rh factor on recipient’s red blood cells



	ABO_match
	Compatibility of the donor and the recipient of hematopoietic stem cells according to ABO blood group



	CMV_status
	Serological compatibility of the donor and the recipient of hematopoietic stem cells according to cytomegalovirus infection prior to transplantation



	HLA_match
	Compatibility of antigens of the main histocompatibility complex of the donor and the recipient of hematopoietic stem cells (10/10, 9/10, 8/10, 7/10 allele/antigens) according to ALL international BFM SCT 2008 criteria



	CD34_x1e6_per_kg
	CD34+ cell dose per kg of recipient body weight



	CD3_x1e8_per_kg
	CD3+ cell dose per kg of recipient body weight



	CD3_to_CD34_ratio
	CD3+ cell to CD34+ cell ratio



	acute_GvHD_III_IV
	Development of acute graft versus host disease stage III or IV



	extensive_chronic_GvHD
	Extensive chronic graft versus host disease



	relapse
	Reoccurrence of the disease










 





Table 19. BMT-Ch—rules with simple conditions.






Table 19. BMT-Ch—rules with simple conditions.





	r1:
	IF HLA_mismatch = {matched} AND relapse = {yes} (support = 0.131)



	r2:
	IF HLA_mismatch = {matched} AND recipient_age_int = {5_10} AND relapse = {no} AND CD34_x1e6_per_kg < 14.72 AND time_to_acute_GvHD_III_IV ≥ 18.50 AND acute_GvHD_II_III_IV = {yes} (support = 0.06)



	r3:
	IF extensive_chronic_GvHD = {no} (support = 0.679)



	r4:
	IF stem_cell_source = {bone_marrow} AND recipient_CMV = {absent} AND time_to_acute_GvHD_III_IV ≥ 500050 AND donor_age_below_35 = {no} AND recipient_age ≥ 13.65 (support = 0.018)



	r5:
	IF recipient_CMV = {absent} AND extensive_chronic_GvHD = {yes} AND tx_post_relapse = {yes} (support = 0.018)



	r6:
	IF extensive_chronic_GvHD = {yes} AND donor_CMV = {absent} AND recipient_gender = {male} (support = 0.06)










 





Table 20. BMT-Ch—rules with M-of-N conditions (exactly 2-of-3).






Table 20. BMT-Ch—rules with M-of-N conditions (exactly 2-of-3).





	r1:
	IF ¬ 2-of-3 (donor_age ≠ <21.40, 21.97), CD34_x1e6_per_kg ≠ <1.35, 1.99), recipient_body_mass ≠ <33.50, 35.50)) AND relapse = acute_GvHD_III_IV (support = 0.613)



	r2:
	IF ¬ 2-of-3 (CD3_to_CD34_ratio ≠ <2.43, 2.50), CD34_x1e6_per_kg ≠ <9.88, 10.96), donor_age ≠ <21.40, 21.97)) AND relapse = acute_GvHD_III_IV (support = 0.601)



	r3:
	IF recipient_age_below_10 ≠ acute_GvHD_II_III_IV AND time_to_acute_GvHD_III_IV < 19.50 (support = 0.036)



	r4:
	IF relapse ≠ acute_GvHD_III_IV (support = 0.339)










 





Table 21. BMT-Ch—rules with M-of-N conditions (at least 2-of-3).






Table 21. BMT-Ch—rules with M-of-N conditions (at least 2-of-3).





	r1:
	IF 2-of-3(CD34_x1e6_per_kg ≠ <4.51, 5.08), donor_age < 44.06, recipient_body_mass ≠ <33.50, 35.50)) AND relapse = acute_GvHD_III_IV (support = 0.655)



	r2:
	IF recipient_age_below_10 ≠ acute_GvHD_II_III_IV AND time_to_acute_GvHD_III_IV > 19.50 (support = 0.036)



	r3:
	IF relapse ≠ acute_GvHD_III_IV (support = 0.339)
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