

  psf-07-00036




psf-07-00036







Phys. Sci. Forum 2023, 7(1), 36; doi:10.3390/ECU2023-14066




Proceeding Paper



Discretized Finsler Structure: An Approach to Quantizing the First Fundamental Form †



Abdel Nasser Tawfik





Research Center, Faculty of Engineering, Future University in Egypt (FUE), End of 90th Street, Fifth Settlement, New Cairo 12835, Egypt









†



Presented at the 2nd Electronic Conference on Universe, 16 February–2 March 2023; Available online: https://ecu2023.sciforum.net/.









Academic Editor: Lorenzo Iorio



Published: 18 February 2023



Abstract

:

Whether an algebraic or a geometric or a phenomenological prescription is applied, the first fundamental form is unambiguously related to the modeling of the curved spacetime. Accordingly, we assume that the possible quantization of the first fundamental form could be proposed. For precise accurate measurement of the first fundamental form   d  s 2  =  g  μ ν   d  x μ  d  x ν   , the author derived a quantum-induced revision of the fundamental tensor. To this end, the four-dimensional Riemann manifold is extended to the eight-dimensional Finsler manifold, in which the quadratic restriction on the length measure is relaxed, especially in the relativistic regime; the minimum measurable length could be imposed ad hoc on the Finsler structure. The present script introduces an approach to quantize the fundamental tensor and first fundamental form. Based on gravitized quantum mechanics, the resulting relativistic generalized uncertainty principle (RGUP) is directly imposed on the Finsler structure,   F (   x ^  0 μ  ,   p ^  0 ν  )  , which is obviously homogeneous to one degree in    p ^  0 μ  . The momentum of a test particle with mass    m ¯  = m /  m p    with   m p   is the Planck mass. This unambiguously results in the quantized first fundamental form   d   s ˜  2   = [ 1 +   ( 1 + 2 β   p ^  0 ρ    p ^   0 ρ   )    m ¯  2   ( |   x ¨    | / A )  2   ]   g  μ ν   d   x ^  μ  d   x ^  ν   , where   x ¨   is the proper spacelike four-acceleration,  A  is the maximal proper acceleration, and  β  is the RGUP parameter. We conclude that an additional source of curvature associated with the mass   m ¯  , whose test particle is accelerated at    |   x ¨   |   , apparently emerges. Thereby, quantizations of the fundamental tensor and first fundamental form are feasible.
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1. Introduction


Following the assumption that the additional curvatures related to relativistic eight-dimensional spacetime tangent bundle   T M =  M 4  ⊗  M 4    would be utilized to mimic the possible quantization on the four-dimensional spacetime   M 4  , the pseudo-Riemann manifold [1,2,3,4], this paper aims to introduce various possibilities for quantizing the first fundamental form, the line element, of curved spacetime in the relativistic regime. To this end, we suggest the Finslerian manifold, which is a smooth n-dimensional differentiable manifold   M 4   equipped with a continuous non-negative Finsler norm   F : T M → [ 0 , + ∞ )   defined on the tangent bundle. For each point x on   M 4  , whose coordinates are    x μ  =  ( c t ,  x i  )   , so that    (  x μ  ,   x ˙  ν  )  ↦ F  (  x μ  ,   x ˙  ν  )   , where   μ , ν = 0 , 1 , 2 , 3   and     x ν  ˙  = ∂  x ν  / ∂ s   are tangent vectors and     x ˙  μ  ∈  T x  M  , with the tangent bundle    T x  M   at x and   T M : =  U  x ∈ M    T x  M   is the tangent bundle on M, it is conjectured that   F (  x μ  ,   x ˙  ν  )   satisfies three properties, namely



	
Positive definiteness, i.e., F is smooth on the complement of the zero section on   T M  ,



	
Positive homogeneity, i.e., F is positively 1-homogeneous in    x ˙  μ  , the relativistic four-velocity, i.e.,   F  (  x μ  , λ    x ˙  μ  )  = λ  F  (  x μ  ,   x ˙  ν  )  , ∀ λ ∈  R +   , and



	
Subadditivity, i.e., for vectors   v →   and   w →   tangent to   M 4   at the point x, F fulfills (pointwise) the triangle inequality   F  (  x μ  ,  v →  +  w →  )  ≤ F  (  x μ  ,  v →  )  + F  (  x μ  ,  w →  )   .






The Hessian of    F 2   (  x α  ,   x ˙  β  )    determines the Finsler metric,


      g  A B   =  1 2    ∂ 2   ∂   x ˙  α  ∂   x ˙  β     F 2   (  x α  ,   x ˙  β  )  ,     



(1)




with   A , B = 0 , 1 , 2 , ⋯ , 7  , while   α , β = 0 , 1 , 2 , 3   and the resulting   g  A B    is positive.



Our approach to deriving a quantum-induced revisiting metric tensor shall be outlined in Section 2. However, before we begin, some comments on the Finsler manifold are now in order.



	
First, the Finsler manifolds characterized by   M 4   and    F 2   (  x μ  ,   x ˙  ν  )   . By this, we mean that the Finsler manifold is composed of (i) a base space and (ii) a real scalar-valued function F. The base space is a set of positions in   R 4  . The real scalar-valued function    R 4  ×  R 4  →  R +    captures the additional structure of the space.



	
Second, in   T M  , the covariant derivatives represent the standard operators of the Heisenberg algebra and the components of the curvature tensor represent the noncommutation relations [5,6,7].



	
Third, the Finsler geometry, which is Riemann geometry but with relaxed quadratic measure restriction, is also concerned with measuring distances on abstract spaces. In the context of the present script, we recall that the distance between two points on the Finsler manifold is defined in a similar manner to the standard Euclidean distance, i.e., the length of the shortest curve connecting those two points. On the Euclidean manifold, the length of a curve is a sum over infinitesimal line elements   d s  . On the Finsler manifold, on the other hand, the summation over   d s   is weighted depending on position and direction. Therefore, the Finsler geometry is formulated with the directions of the tangent vectors    x ˙  μ  , but not with their magnitudes. This leads to two kinds of affine connections. One is with respect to the infinitesimal changes in the directional variables. The other one is with respect to the infinitesimal changes in the coordinates.






A possible discretization of the spacetime manifold is based on qravitized quantum mechanics, i.e., the relativistic generalized uncertainty principle (RGUP) [8,9,10,11]. In Section 2, we first introduce our approach to manifolds. This is an almost ad hoc imposition of the minimum measurable length on the continuous Finsler structure.




2. First Fundamental Form on Continuous Finsler Manifold


The proposed approach is based on the existence of a minimum measurable length, which was proved in loop quantum gravity, doubly special relativity, and string theory, for instance. The minimum measurable length could be interpreted as a nonvanishing position uncertainty that emerged from the impacts of finite gravitational fields on the Heisenberg uncertainty principle, the fundamental theory of quantum mechanics [8,9,10,11].



The Finsler structure of the Riemann manifold is conjectured to satisfy


      F 2   ( x ,  x ˙  )     =     g  μ ν    ( x )    x ˙  μ    x ˙  ν  ,     



(2)




where    g  μ ν    ( x )    is Finsler metric which is apparently distinct from the Riemann metric   g  μ ν   . Then, the length of the curve   s :  [ 0 , L ]  →  M 4    is given as


     L ( s )    =     ∫ 0 L  F  s  ( t )  ,    s ˙   ( t )    |  |  s ˙   ( t )  |  |     |  |  s ˙   ( t )  |  |  d t ,     



(3)




where    s ˙   ( t )  = d s  ( t )  / d t  ,   t ↦ s ( t )   on   M 4  , and the tangent norm does not need to be induced by an inner product. The Euclidean length of that curve can be deduced from Equation (3), at   F = 1  .



As F at any point   ( x ,  x ˙  )   is positively homogeneous of degree one in    x ˙   ( t )   ,


     L ( x )    =     ∫ 0 L  F  x  ( t )  ,  x ˙   ( t )   d t ,     



(4)




so that the function F is locally acting on the first fundamental form   d s  . The resulting length of the curve does not depend on the choice of the parameter t along the curve measure.



The Riemannian geometry is obtained as a particular case, namely,    F 2   (  x μ  ,   x ˙  ν  )  =  g  μ ν    ( x )    x ˙  μ    x ˙  ν   . Riemann metric   g  μ ν    and the Finsler metric    g  μ ν    ( x )   , are equal, especially at the point x. This is not the case with general Finsler metrics. Both   F (  x μ  ,   x ˙  ν  )   and    g  μ ν    ( x )    determine the Finslerian geometry, while the Riemannian geometry is merely derived from   g  μ ν   .



With the finite positive minimum measurable length


     Δ  x min     =      −  | g | |   β 0   |     ℓ p  ,     



(5)




where   ℓ p   is the Planck length, g is the fundamental metric and    |   β 0   |    is a dimensionless RGUP parameter that can be determined from cosmological observations [11,12] or table-top laboratory experiments [13], the Finsler structure reads


     F (  x μ  ,   −  | g | |   β 0   |     ℓ p     x ˙  μ  )    =      −  | g | |   β 0   |     ℓ p   F  (  x μ  ,   x ˙  μ  )  ,  ∀   −  | g | |   β 0   |     ℓ p  ∈  R +  .     



(6)




Other RGUP approaches have been discussed in the literature [14,15,16].



As for the RGUP approach proposed by the authors of [17,18,19],



	
   − | g |    characterizes the relevance to curved spacetime.



	
It assigns physical dimensions to the spacetime coordinates of the general theory of relativity.



	
It also ensures physical interpretation is independent of the choices of coordinates, while    |   β 0   |    introduces the consequences of gravity to the relativistic Heisenberg uncertainty principle [17,18,19].






Accordingly, the local coordinates on   T M   are expressed as


     x A    =      x α  ,   −  | g | |   β 0   |       x ˙  α   ,     



(7)




and the first fundamental form, the infinitesimal distance in the relativistic eight-dimensional spacetime tangent bundle   T M  , reads,


     d   s ˜  2     =     g  A B    d  x A   d  x B  .     



(8)




Equation (7) introduces a relation between eight- and four-dimensional spaces.



With the eight parametric equations


     x A    =     x A   ( ζ )  ,     



(9)






      x ˙  α    =      ∂  x α   ( ζ )    ∂  ζ μ      ζ ˙  μ  ,     



(10)




the four-coordinates   x μ   on   T M   are correlated with the parameterization  ζ , four-coordinates parameterizing the four-dimensional spacetime manifold   M 4   [5], the counterpart first fundamental form, line element, can be parameterized as


     d   s ˜  2     =      g ˜   μ ν    d  ζ μ   d  ζ ν  .     



(11)







Then, by equating (8) and (11), we get


      g ˜   μ ν     =     g  A B      ∂  x A   ( ζ )    ∂  ζ μ       ∂  x B   ( ζ )    ∂  ζ ν    .     



(12)







Differentiating the eight-dimensional coordinates on   T M   with respect to the four-dimensional coordinates   ζ μ   on   M 4   determines the quantum-induced corrections to the fundamental tensor


      g ˜   μ ν     =     1 +   − | g   β 0   |   ℓ p 2     |  x ¨  |  2    g  μ ν   .     



(13)




where    |   x ¨    |  2  ≡   x ¨  λ    x ¨  λ  =  g  δ γ     x ¨  δ    x ¨  γ    with  λ ,  δ ,  γ  are dummy indices and     x ¨  λ  = ∂   x ˙  λ  / ∂  ζ λ   .    x ¨  λ   could be interpreted as proper spacelike four-acceleration [20,21]. Alternatively,    x ¨  λ   would be interpreted as geodesic, related to the additional curvature. To avoid any controversial discussion about the physical meaning of    x ¨  λ  , we suggest normalizing    x ¨  λ   to    − | g   β 0   |   ℓ p 2   . A second reason for this normalization would be the conservative representation of the key results concluded in the present paper, which states that we are presenting quantum-induced corrections, but not a full quantization.



To summarize the present section, we conclude that the first fundamental form reads


     d   s ˜  2     =     1 +   − | g   β 0   |   ℓ p 2     |  x ¨  |  2    g  μ ν   d  x μ  d  x ν  .     



(14)







As discussed, Equation (13) refers to a quantum-induced revisiting metric tensor derived deduced from the continuous Finsler manifold.



Section 3 introduces an improvement based on proper inclusion of RGUP, not just its minimum measurable length, within the curved spacetime. This is a profound contribution of the present study.




3. First Fundamental Form on Discretized Finsler Manifold


In Section 2, we have introduced our approach based on the emergence of an additional curvature on the relativistic eight-dimensional spacetime tangent bundle   T M  , which is equipped with a continuous nonnegative Finsler norm   F : T M → [ 0 , + ∞ )  . We have also introduced the assumption that both infinitesimal distances on   T M   and   M 4   are identical, so that


     d   s ˜  2     =     g  A B    d  x A   ( ζ )   d  x B   ( ζ )  =   g ˜   μ ν    d  ζ μ   d  ζ ν  .     



(15)







We realized the measure of   d   s ˜  2    is apparently precise without quantum nature.



In order to endow quantum nature to this measure, we urgently need to



	
Express the metric tensor as an operator, especially considering that the 1-form could be an operator;



	
Suggest noncommutative relations for these quantities;



	
Integrate probability distributions and quantum superposition.






In this regard, we emphasize that neither the metric tensor nor the 1-form,   d  x μ   , has noncommutative translations [22]. Alternatively, we might recall noncommutative metric tensor [23] and noncommutative differential calculus [24,25] to define a noncommutative line element [26]. This could be performed elsewhere.



To remain within the scope of the present script, we resume with the RGUP approach, which was introduced in Section 2. Here, we concretely aim at discretizing the eight-dimensional tangent bundle. For a test particle with mass m normalized to the Planck mass    m ¯  = m /  m p   , the Finsler structure reads


     F    x ^  μ  ,  m ¯     x ^  ˙  ν      =    F  (   x ^  μ  ,   p ^  ν  )  ,  ∀  m ¯  ∈  R +  ,     



(16)




where     x ^  μ  =   x  μ  =   x ^  0 μ  =  (   x ^  0 0  ,   x ^  0 i  )  =  ( c t ,   x ^  0 i  )    and     p ^  ν  = − i ℏ ∂ / ∂   x ^  ν  =   p ^  0 ν  =  (   p ^  0 0  ,   p ^  0 i  )  =  ( E / c ,   p ^  0 i  )   . These are the typical definitions in ungravitized QM and most probably remain unchanged in quantized QM.



On Finsler manifold with RGUP and the parameterization    x A  =  x A   ( ζ )   , Equation (1) reads


     g  A B     =     1 2    ∂ 2   ∂   p ^  0 μ  ∂   p ^  0 ν     F 2   (   x ^  0 μ  ,   p ^  0 ν   ( 1 + β   p ^  0 ρ    p ^   0 ρ   )  )      



(17)






     =     1 + β   p ^  0 ρ    p ^   0 ρ     1 2    ∂ 2   ∂   p ^  0 μ  ∂   p ^  0 ν     F 2     x ^  0 μ  ,   p ^  0 ν   ,     



(18)




where   β =  β 0  G /  (  c 3  ℏ )  =  β 0    (  ℓ p  / ℏ )  2    is the RGUP parameter, G is the gravitational constant, c is the speed of light, ℏ is the Planck constant, and   ℓ p   is the Planck length [8,9,10,11]. Equation (18) assumes that   F (   x ^  0 μ  ,   p ^  0 ν  )   is homogeneous of degree one in    p ^  0 μ   and    1 + β   p ^  0 ρ    p ^   0 ρ    > 0  . Both    x ^  0 α   and    p ^  0 β   are also parameterized with  ζ .



If we limit the discussion on the Finsler structure of Riemann manifold, Equation (2), [27], we get


     F (   x ^  0 μ  ,    p ˜  ^  0 ν  )    =         |     p ˜  ^  0 ν    |  2   − |    x ^  0 μ    |  2    |    p ˜  ^  0 ν  |  2  +     x ^  0 μ  ·    p ˜  ^  0 ν   2     1 − |    x ^  0 μ    |  2      1 / 2   ,     



(19)




where RGUP suggests that      p ˜  ^  0 ν  =    p ˜  ^  0 ν   ( 1 + β   p ^  0 ρ    p ^   0 ρ   )   )    [8,9]. Then, Equations (12) and (13) lead to


      g ˜   μ ν     =     1 2    ∂ 2   ∂   p ^  0 μ  ∂   p ^  0 ν         ∑  ν = 0  3    (    p ˜  ^  0 ν  )  2  −  ∑  μ = 0  3    (   x ^  0 μ  )  2   ∑  ν = 0  3    (    p ˜  ^  0 ν  )  2  +    ∑  μ | ν = 0  3    x ^  0 μ     p ˜  ^  0 ν   2    1 −  ∑  μ = 0  3    (   x ^  0 μ  )  2                d   x ^  0 μ   (  ζ μ  )    d  ζ μ      d   x ^  0 ν   (  ζ ν  )    d  ζ ν    +  1 + 2 β   p ^  0 ρ    p ^   0 ρ      m ¯  2    d    x ^  ˙  0 μ   (  ζ μ  )    d  ζ μ      d    x ^  ˙  0 ν   (  ζ ν  )    d  ζ ν     .     



(20)




The quantized metric tensor, Equation (20), could be approximated as


      g ˜   μ ν     ≃     1 +  1 + 2 β   p ^  0 ρ    p ^   0 ρ      m ¯  2       |   x ¨   |   A   2    g  μ ν   ,     



(21)




where  A  is the maximal proper acceleration [20,21,28,29].



Relative to Equation (13), Equation (20) refers to a full-quantized version of the fundamental tensor, which is obtained when RGUP is properly imposed on the Finster structure. Then, the first fundamental form reads


     d   s ˜  2     =     1 +  1 + 2 β   p ^  0 ρ    p ^   0 ρ      m ¯  2       |   x ¨   |   A   2    g  μ ν   d   x ^  μ  d   x ^  ν  .     



(22)







We conclude that finite    |   x ¨   |    and   m ¯   are essential for the quantization of the fundamental tensor,    g ˜   μ ν   , Equation (21), and first fundamental form,   d   s ˜  2   , Equation (22). In the relativistic regime, in which the approach of RGUP and, hence, the spacetime quantization are possible, an additional source of spacetime curvature emerges. This is the curvature associated with the mass   m ¯  , whose test particle’s motion has acceleration    |   x ¨   |   . Vanishing    |   x ¨   |    and   m ¯   entirely restore the unquantized versions of the fundamental tensor,   g  μ ν   , and first fundamental form,   d  s 2   .



As for the relativistic formulation of GUP [17,18,19], comments on Ref. [30] are now in order. This script studies the inconsistency in the original HUP approach with special relativity and characterizes the motion of a particle crossing the worldline. The resulting minimal measurable length is suggested to be   1 / 2 m  c 2   . Compared to Equation (5) this estimation does not seem to manifest various relativity principles; for example, that the coordinates in GR are fundamentally arbitrary.







Funding


This research received no external funding.




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Not applicable.




Data Availability Statement


All types of relevant data are included in the manuscript.




Acknowledgments


The author acknowledges the generous support of the Egyptian Center for Theoretical Physics (ECTP) and the World Laboratory for Cosmology And Particle Physics (WLCAPP) at the Future University in Egypt (FUE).




Conflicts of Interest


The author declares no conflict of interest regarding the publication of this paper and full compliance with ethical standards regarding the contents of the present paper! No data are associated with this paper.




References


	



Caianiello, E.R. Some Remarks on Quantum Mechanics and Relativity. Lett. Nuovo Cim. 1980, 27, 89. [Google Scholar] [CrossRef]

	



Caianiello, E.R.; Feoli, A.; Gasperini, M.; Scarpetta, G. Quantum Corrections to the Space-time Metric From Geometric Phase Space Quantization. Int. J. Theor. Phys. 1990, 29, 131. [Google Scholar] [CrossRef]

	



Caianiello, E.R.; Gasperini, M.; Scarpetta, G. Phenomenological Consequences of a Geometric Model With Limited Proper Acceleration. Nuovo Cim. B 1990, 105, 259. [Google Scholar] [CrossRef]

	



Caianiello, E.R.; Gasperini, M.; Scarpetta, G. Inflation and singularity prevention in a model for extended-object-dominated cosmology. Class. Quant. Grav. 1991, 8, 659. [Google Scholar] [CrossRef]

	



Scarpetta, G. Cosmological Implications of Caianiello’s Quantum Geometry; Springer: Milano, Italy, 2006; pp. 147–155. [Google Scholar]

	



Caianiello, E.R. Hermitian metrics and the Weil–London approach to the quantum theory. Lett. Nuovo C. 1979, 25, 225. [Google Scholar] [CrossRef]

	



Caianiello, E.; Vilasi, G. Extended particles and their spectra in curved phase space. Lett. Nuovo C. (1971–1985) 1981, 30, 469. [Google Scholar] [CrossRef]

	



Tawfik, A.N.; Diab, A.M. Review on Generalized Uncertainty Principle. Rept. Prog. Phys. 2015, 78, 126001. [Google Scholar] [CrossRef]

	



Tawfik, A.N.; Diab, A.M. Generalized Uncertainty Principle: Approaches and Applications. Int. J. Mod. Phys. D 2014, 23, 1430025. [Google Scholar] [CrossRef]

	



Tawfik, A.; Diab, A. Emergence of cosmic space and minimal length in quantum gravity: A large class of spacetimes, equations of state, and minimal length approaches. Indian J. Phys. 2016, 90, 1095. [Google Scholar] [CrossRef]

	



Diab, A.M.; Tawfik, A.N. A Possible Solution of the Cosmological Constant Problem Based on GW170817 and Planck Observations with Minimal Length Uncertainty. Adv. High Energy Phys. 2022, 2022, 9351511. [Google Scholar] [CrossRef]

	



Abbott, B.P.; Abbott, R.; Abbott, T.D.; Acernese, F.; Ackley, K.; Adams, C.; Adams, T.; Addesso, P.; Adhikari, R.X.; Adya, V.B.; et al. GW170817: Observation of Gravitational Waves from a Binary Neutron Star Inspiral. Phys. Rev. Lett. 2017, 119, 161101. [Google Scholar] [CrossRef]

	



Bushev, P.; Bushev, P.A.; Bourhill, J.; Goryachev, M.; Kukharchyk, N.; Ivanov, E.; Galliou, S.; Tobar, M.E.; Danilishin, S. Testing the generalized uncertainty principle with macroscopic mechanical oscillators and pendulums. Phys. Rev. D 2019, 100, 066020. [Google Scholar] [CrossRef]

	



Benczik, S.; Chang, L.N.; Minic, D.; Okamura, N.; Rayyan, S.; Takeuchi, T. Short distance versus long distance physics: The Classical limit of the minimal length uncertainty relation. Phys. Rev. D 2002, 66, 026003. [Google Scholar] [CrossRef]

	



Todorinov, V. Relativistic Generalized Uncertainty Principle and Its Implications. Ph.D. Thesis, University of Lethbridge, Lethbridge, AB, Canada, 2020. [Google Scholar]

	



Xun, Y.C. Generalized Uncertainty Principle and Its Applications. Ph.D. Thesis, National University of Singapore, Singapore, 2014. [Google Scholar]

	



Tawfik, A.N.; Diab, A.M.; Shenawy, S.; Dahab, E.A.E. Consequences of minimal length discretization on line element, metric tensor, and geodesic equation. Astron. Nachrichten 2021, 342, 54. [Google Scholar] [CrossRef]

	



Tawfik, A.N. On quantum-induced revisiting Einstein tensor in the relativistic regime. Astron. Nachrichten 2022. [Google Scholar] [CrossRef]

	



Tawfik, A.N. On possible quantization of the fundamental tensor in the relativistic regime. Astron. Nachrichten 2022. [Google Scholar] [CrossRef]

	



Caianiello, E.R. Is There a Maximal Acceleration? Lett. Nuovo Cim. 1981, 32, 65. [Google Scholar] [CrossRef]

	



Brandt, H.E. Maximal-acceleration invariant phase space. In The Physics of Phase Space Nonlinear Dynamics and Chaos Geometric Quantization, and Wigner Function; Springer: Berlin/Heidelberg, Germany, 1987; pp. 413–416. [Google Scholar]

	



Martinetti, P. Line element in quantum gravity: The Examples of DSR and noncommutative geometry. Int. J. Mod. Phys. A 2009, 24, 2792. [Google Scholar] [CrossRef]

	



Ulhoa, S.C.; Santos, A.F.; Amorim, R.G.G. On Non-Commutative Correction of the Gödel-type Metric. Gen. Rel. Grav. 2015, 47, 99. [Google Scholar] [CrossRef]

	



Dubois-Violette, M. Lectures on Graded Differential Algebras and Noncommutative Geometry. In Proceedings of the Workshop on Noncommutative Differential Geometry and its Application to Physics, Shonan-Kokusaimura, Japan, 31 May–4 June 1999; pp. 245–306. [Google Scholar]

	



Madore, J. An Introduction to Noncommutative Differential Geometry and Its Physical Applications; Cambridge University Press: Cambridge, UK, 2000; Volume 257. [Google Scholar]

	



FitzGerald, P.L. The Superfield quantisation of a superparticle action with an extended line element. Int. J. Mod. Phys. A 2005, 20, 2639. [Google Scholar] [CrossRef]

	



Mo, X. An Introduction to Finsler Geometry; World Scientific Publishing: Singapore, 2006. [Google Scholar]

	



Sharma, C.S.; Srirankanathan, S. On Caianiello’s maximal acceleration. Lett. Nuovo C. 1985, 44, 275. [Google Scholar] [CrossRef]

	



Brandt, H.E. Maximal proper acceleration and the structure of spacetime. Found. Phys. Lett. 1989, 2, 39. [Google Scholar] [CrossRef]

	



Amelino-Camelia, G.; Astuti, V. Theory and phenomenology of relativistic corrections to the Heisenberg principle. arXiv 2022, arXiv:2209.04350. [Google Scholar]












	
	
Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the content.











© 2023 by the author. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  psf-07-00036


  
    		
      psf-07-00036
    


  




  





